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ON THE ZARISKI MULTIPLICITY CONJECTURE FOR
WEIGHTED HOMOGENEOUS AND NEWTON NON-DEGENERATE
LINE SINGULARITIES
CHRISTOPHE EYRAL AND MARIA APARECIDA SOARES RUAS
ABSTRACT. We present new families of weighted homogeneous and Newton
non-degenerate line singularities that satisfy the Zariski multiplicity conjecture.
1. INTRODUCTION
Let z := (z1, . . . ,zn) be linear coordinates forC
n, and let f : (C×Cn,C×{0})→
(C,0), (t,z) 7→ f (t,z), be a polynomial function such that for each t the function
z 7→ ft(z) := f (t,z) is reduced at 0 ∈ C
n. As usual, we denote by V ( ft) the cor-
responding hypersurface f−1t (0) in C
n. We say that the family { ft} is topologi-
cally equisingular (at 0)* if the ambient topological type of the hypersurface-germ
(V ( ft),0) is independent of t for all small t, that is, if there exists a family {ϕt} of
germs of self-homeomorphisms of (Cn,0) depending continuously on t and such
that for any t sufficiently small ϕt(V ( f0),0) = (V ( ft),0). The Zariski multiplicity
conjecture [29] says that if the family { ft} is topologically equisingular, then it is
equimultiple (i.e., the multiplicity (equivalently, the order) of ft at 0 is independent
of t for all small t). This conjecture, posed almost fifty years ago, has been solved
only in a few special cases. For a survey on that question and related topics, we
refer the reader to [3, 4].
For example, among known results, there is the following theorem due to Greuel
[12] and O’Shea [22].
Theorem 1.1 (Greuel and O’Shea). Suppose that { ft} is a family of isolated sin-
gularities (i.e., for all small t, ft has an isolated singularity at 0) such that the
polynomial function f0 is weighted homogeneous with respect to a system of posi-
tive integer weights (w1, . . . ,wn). If furthermore the Milnor number µ( ft) of ft at 0
is independent of t for all small t,† then { ft} is equimultiple.
The proof of Theorem 1.1 uses a crucial result of Varchenko [28]. The case
where f0 is homogeneous was first proved by Gabrie`lov and Kusˇnirenko [9].
Another well known class of isolated hypersurface singularities which satisfies
the Zariski multiplicity conjecture is described by the following theorem due to
Abderrahmane [1] and Saia and Tomazella [23].
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*In this paper, we are only interested in the behaviour of functions (or hypersurfaces) near the
origin 0 ∈ Cn, unless otherwise stated. Hereafter, we shall omit the words “at 0.”
†It is well known that if the family { ft} is topologically equisingular, then the Milnor number
µ( ft) is independent of t for all small t. Both conditions are equivalent if n 6= 3 (cf. [16]).
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Theorem 1.2 (Abderrahmane and Saia–Tomazella). Suppose that { ft} is a fam-
ily of isolated singularities such that the polynomial function ft is Newton non-
degenerate for all small t. If furthermore the Milnor number µ( ft) of ft at 0 is
independent of t for all small t, then { ft} is equimultiple.
Note that in this theorem, it is not required that the Newton diagram of ft (with
respect to the coordinates z) is independent of t. For the definitions of Newton
diagram, Newton non-degeneracy and all related topics, we refer the reader to [14].
In the present paper, we investigate weighted homogeneous and Newton non-
degenerate singularities of hypersurfaces in the simplest case where these singu-
larities are not isolated, namely the case of line singularities. While Theorem 1.2
easily generalizes to such a class of singularities (cf. Theorem 2.3), extending The-
orem 1.1 seems to be much more challenging. Nevertheless we propose a partial
generalization (cf. Theorem 2.1).
2. STATEMENT OF THE RESULTS
In this section, we present our main results.
2.1. Weighted homogeneous line singularities. The following theorem is a par-
tial generalization of the theorem of Greuel and O’Shea to families { ft} of line
singularities. As in [18, §4], by this we mean that for all small t the singular lo-
cus Σ ft of ft near the origin is given by the z1-axis and the restriction of ft to the
hyperplane V (z1) defined by z1 = 0 has an isolated singularity at 0.
Theorem 2.1. Suppose that { ft} is a family of line singularities such that the poly-
nomial function f0 is weighted homogeneous with respect to a system of positive
integer weights (w1, . . . ,wn) satisfying the following two conditions:
(i) w1 =min{w1, . . . ,wn};
(ii) w1 divides the weighted degree d of f0.
Also, assume that for any t 6= 0 the polar curve Γ1ft ,z is irreducible. Under these
assumptions, if furthermore the families
{ ft} and { ft |V (z1)}
are both topologically equisingular, then they are both equimultiple.
For the definition of the polar curve Γ1ft ,z, we refer the reader to [19, Chap. 1].
Theorem 2.1 is proved in Sec. 4. The case where f0 is homogeneous was first
proved in [5]. In fact, Theorem 1.6 and Corollary 1.9 of [5] say that if { ft} is a
topologically equisingular family of line singularities — or even a family of line
singularities with constant Leˆ numbers (see [19, Chap. 1] for the definition) — and
if the polynomial function f0 is homogeneous, then { ft} is equimultiple. In partic-
ular, this provides a complete generalization for line singularities of the theorem of
Gabrie`lov and Kusˇnirenko.
Remark 2.2. By the results of Appendix A, if n ≥ 5 then Theorem 2.1 still holds
true if we replace the assumption of topological equisingularity for { ft} and { ft |V (z1)}
(i.e., the condition (3) in the list of Appendix A) by any one of the conditions (1),
(2), (5), (7), (8), (9) or (13) in this list. In fact, in the proof of Theorem 2.1, we show
that the condition (3) involved in the theorem can be replaced by the condition (8)
(and hence also by (5), (7), (9) or (13)) even if n< 5.
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Theorem 2.1 (or Remark 2.2) may be viewed as a partial generalization for line
singularities of Theorem 1.1 in the sense that if {ht} is a family of isolated singular-
ities in Cn−1 (with coordinates (z2, . . . ,zn)) such that µ(ht) = µ(h0) for all small t
and if h0 is weighted homogeneous with respect to a system of weights (w2, . . . ,wn),
then the corresponding family of line singularities in Cn, defined by
ft(z1,z2, . . . ,zn) := ht(z2, . . . ,zn),
satisfies the condition (7) in the list of Appendix A. (Indeed, under the above as-
sumptions, for all small t the polar curve Γ1ft ,z is empty — and so the 0th Leˆ num-
ber λ 0ft ,z of ft at 0 with respect to the coordinates z = (z1, . . . ,zn) is zero — while
µ( ft |V (z1−a1)) = µ(ht) for all small a1. Now, by [18, Sec. 1], we know that the
1st Leˆ number λ 1ft ,z coincides with the Milnor number µ( ft |V (z1−a1)) for all small
a1 6= 0.) Thus, since f0 is weighted homogeneous with respect to the weights
(1,w2, . . . ,wn), Theorem 2.1 and Remark 2.2 imply that { ft} (and hence {ht}) has
constant multiplicity.
2.2. Newton non-degenerate line singularities. Unlike the theorem of Greuel
and O’Shea, the theorem of Abderrahmane, Saia and Tomazella easily extends to
line singularities. More precisely we prove the following result.
Theorem 2.3. Suppose that { ft} is a family of line singularities such that for all
small t the polynomial function ft is Newton non-degenerate. If furthermore this
family is topologically equisingular, then it is equimultiple.
As in the case of isolated singularities, we do not require that the Newton di-
agram of ft is independent of t. The theorem still holds true if we replace “line
singularities” by “aligned singularities,” provided that the set of coordinates we
deal with is “aligning”. (For the definitions of aligned singularities and aligning
sets of coordinates, we refer the reader to [19, Chap. 7].) More precisely we have
the following statement.
Theorem 2.4. Suppose that { ft} is a family of s-dimensional aligned singularities
(i.e., for all small t, ft has a s-dimensional aligned singularity at 0) such that for
all small t the polynomial function ft is Newton non-degenerate. Also, assume that
the set of coordinates z is aligning for the function f0 and for all the functions ftk ,
where {tk} is an infinite sequence such that tk → 0. Under these assumptions, if
furthermore the family { ft} is topologically equisingular, then it is equimultiple.
As explained in the proof of [19, Theorem 7.9], if { ft} is a family of aligned
singularities and {tk} is an infinite sequence such that tk → 0, then we can use the
Baire category theorem to conclude that there exists an aligning set of coordinates
for f0 and for ftk for all k. The existence of a set of coordinates which is aligning
for ft for all small t is not always clear.
Actually, Theorem 2.3 is a corollary of the following theorem.
Theorem 2.5. Let { ft} be any family of equidimensional singularities (i.e., there
is an integer s such that the dimension of the singular locus Σ ft of ft at 0 is equal
to s for all small t) such that the polynomial function ft is Newton non-degenerate
and the Leˆ numbers
λ 0ft ,z, . . . ,λ
s
ft ,z
of ft at 0 with respect to the coordinates z are defined and independent of t for all
small t. Then the family { ft} is equimultiple.
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Theorems 2.3, 2.4 and 2.5 are proved in Sec. 5
3. EXAMPLES
Theorems 2.1–2.5 may be quite useful to decide whether certain families of hy-
persurfaces with line singularities are not topologically equisingular — a question
which is, in general, extremely difficult to answer.
For example, consider the family defined by
ft(z1,z2,z3) = z
4
1z
2
2+ z
4
2+ z
4
3+ tz1z
2
2+ t
2z21z
2
2.
A priori, it is far from being obvious to decide whether this family is topologically
equisingular or not. However this easily follows from Theorem 2.1. Indeed, the
polynomial function f0(z1,z2,z3) = z
4
1z
2
2+ z
4
2+ z
4
3 is weighted homogeneous with
respect to the weights (w1,w2,w3) = (1,2,2), the singular locus Σ ft of ft near 0
is given by the z1-axis, and the restriction ft |V (z1) has an isolated singularity at 0
with a Milnor number independent of t. In particular, since ft |V (z1) is a function of
two variables, the family { ft |V(z1)} is topologically equisingular. Finally, an easy
computation shows that
Γ1ft ,z =V (2z
4
1+4z
2
2+2tz1+2t
2z21,z
3
3),
which is clearly irreducible for all small t 6= 0. Since the family { ft} is not equi-
multiple, it follows from Theorem 2.1 that it is not topologically equisingular.
Remark 3.1. By [6, Corollary 3.7], we know that if { ft} is a non-equimultiple fam-
ily of line singularities of the form ft(z) = f0(z)+ ξ (t)g(z), where ξ : (C,0)→
(C,0) is a non-constant polynomial function and g : (Cn,0)→ (C,0) is any poly-
nomial function, then { ft} is not topologically equisingular. The above example is
not a consequence of this result.
More generally, suppose that { ft} is a family of line singularities such that f0 is
weighted homogeneous with respect to weights (w1, . . . ,wn) satisfying the condi-
tions (i) and (ii) of Theorem 2.1. Also, assume that for all small t 6= 0, the polar
curve Γ1ft ,z is irreducible and any monomial of f that contains a non-zero power of
t also contains a non-zero power of z1. Under these assumptions, if the multiplicity
of ft jumps at t = 0, then the family { ft} is not topologically equisingular.
Let us now give an example in the Newton non-degenerate case. For instance,
we easily check that the family { ft} defined by
ft(z1,z2,z3) = z
2
1z
2
2+ z
4
2+ z
5
2+ z
5
3+ tz1z
2
2+ t
2z21z
3
2
is a family of line singularities such that for all t small enough ft is Newton non-
degenerate. (Note that the Newton diagram of ft changes at t = 0.) Since { ft} is
not equimultiple, Theorem 2.3 implies that it is not topologically equisingular.
4. PROOF OF THEOREM 2.1
Roughly, the idea of the proof is to use the Iomdine-Leˆ-Massey formula (cf. [19,
Theorem 4.5]) to reduce the problem to the case of isolated singularities and then
apply the Greuel-O’Shea theorem (cf. Theorem 1.1). In our case, the Iomdine-Leˆ-
Massey formula says that for all but a finite number of non-zero complex numbers
a(t), the function ft + a(t)z
ρt
1 has an isolated singularity at 0 with Milnor number
equal to λ 0ft ,z+(ρt−1)λ
1
ft ,z
, where ρt is the maximum value between the number 2
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and the maximum “polar ratio” for ft at 0, and where λ
0
ft ,z
, λ 1ft ,z are the Leˆ numbers
of ft at 0 with respect to the coordinates z. The polar ratios, which are essential in
the proof, are described in Lemmas 4.1 and 4.2 below. In particular, note that the
weighted homogeneity of the function f0+a(0)z
ρ0
1 is controlled by the maximum
polar ratio of f0.
Now let us go into the details. First, observe that if d/w1 = 1, then the poly-
nomial function f0 is homogeneous, and the result follows from [5, Theorem 1.6
and Corollary 1.9]. From now on, we assume that d/w1 ≥ 2. By the results of
Appendix A, the Leˆ numbers λ 1ft ,z, λ
0
ft ,z
and the polar number γ1ft ,z are defined and
independent of t for all small t (cf. Appendix A.6).‡ In particular, the polar curve
Γ1ft ,z is purely 1-dimensional or empty at 0 and the intersection Γ
1
ft ,z
∩V (z1) is 0-
dimensional or empty at 0. Let η be an irreducible component of Γ1ft ,z (with its
reduced structure) which is not empty at 0. By [19, Definition 4.1], the polar ratio
ρ(η) of η at 0 is defined by
ρ(η) :=
([η ] · [V ( ft)])0
([η ] · [V (z1)])0
.
Here, ([η ] · [V ( ft)])0 denotes the intersection number at 0 of the analytic cycles [η ]
and [V ( ft)] associated to the schemes η and V ( ft) respectively. Similarly for ([η ] ·
[V (z1)])0. A polar ratio for ft at 0 is any one of the polar ratios of any component
η of Γ1ft ,z such that η is not empty at 0. (If Γ
1
ft ,z
is empty at 0, then we say that “the
maximum polar ratio for ft at 0 is 1.”)
The polar ratios for f0 and ft (t 6= 0) at 0 are described in Lemmas 4.1 and
4.2 respectively. Before to state these lemmas, note that we may assume that
gcd(w1, . . . ,wn) = 1. (Indeed, if gcd(w1, . . . ,wn) = w > 1, we take w
′
i := wi/w
(1 ≤ i ≤ n). Then, clearly, gcd(w′1, . . . ,w
′
n) = 1, w
′
1 = min{w
′
1, . . . ,w
′
n}, and f0 is
weighted homogeneous with respect to (w′1, . . . ,w
′
n).)
Lemma 4.1 (see also Proposition 3.10 of [21]). If η is an irreducible component
of Γ1f0,z which is not empty at 0, then
([η ] · [V ( f0)])0 = d and ([η ] · [V (z1)])0 = w1.
In particular, if γ1f0,z 6= 0 (equivalently, if Γ
1
f0,z
is not empty at 0), then the polar
ratios for f0 at 0 are equal to d/w1.
Proof. First, observe that in any neighbourhood of the origin, η has a point of the
form (a1, . . . ,an) with a1 6= 0. (Otherwise, there is a neighbourhood in which all
the points of η are of the form (0,a2, . . . ,an). Thus, in such a neighbourhood,
η ⊆V (z1) and dim0(η ∩V (z1)) = dim0 η = 1 — a contradiction.)
We claim that η 6⊆ V ( f0). Indeed, since f0 is weighted homogeneous with re-
spect to (w1, . . . ,wn) and since gcd(w1, . . . ,wn) = 1, we may pick a parametrization
of η of the form
s 7→ φ(s) := (a1s
w1 , . . . ,ans
wn).
Clearly, for any i≥ 2,
∂ f0
∂ zi
(φ(s)) =
∂ f0
∂ zi
(a1s
w1 , . . . ,ans
wn) = sd−wi
∂ f0
∂ zi
(a1, . . . ,an) = 0.
‡Note that for line singularities, the only possible non-zero Leˆ numbers are precisely λ 0ft ,z and
λ 1ft ,z; all the other Leˆ numbers λ
k
ft ,z
for 2≤ k ≤ n−1 are defined and equal to zero (cf. [19]).
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Thus, if f0 ◦φ identically vanishes, then, for all s,
0= ( f0 ◦φ)
′(s) = a1w1s
w1−1
∂ f0
∂ z1
(φ(s)),
and hence ∂ f0∂ z1 (φ(s)) = 0. It follows that η is contained in Σ f0 — a contradiction.
Now, since η 6⊆ V ( f0), a classical result in intersection theory (cf. [8] or [19,
Chap. 1]) shows that
([η ] · [V ( f0)])0 = ord0( f0 ◦φ(s)) = d,
where ord0( f0 ◦φ(s)) is the order of f0 ◦φ(s) at 0.
A similar argument shows ([η ] · [V (z1)])0 = w1. 
Lemma 4.2. For any sufficiently small t 6= 0, the unique polar ratio ρ(Γ1ft ,z) for ft
at 0 is equal to d/w1 if γ
1
ft ,z
6= 0.
Proof. By [19, Proposition 1.23], ([Γ1ft ,z] · [V ( ft)])0 = γ
1
ft ,z
+ λ 0ft ,z. Thus, writing
the cycle [Γ1f0,z] as ∑η kη [η ], where the sum is taken over all the components η of
Γ1f0,z, it follows from Lemma 4.1 that for all small t 6= 0:
ρ(Γ1ft ,z) =
γ1ft ,z +λ
0
ft ,z
γ1ft ,z
=
γ1f0,z +λ
0
f0,z
γ1f0,z
=
([Γ1f0,z] · [V ( f0)])0
([Γ1f0,z] · [V (z1)])0
=
∑kη ([η ] · [V ( f0)])0
∑kη([η ] · [V (z1)])0
=
d
w1
. 
Now we precisely know the value of the polar ratios, we can use the Iomdine-
Leˆ-Massey formula to show the following lemma.
Lemma 4.3. If γ1ft ,z 6= 0, then there exists a countable subset E ⊆ C such that for
any non-zero element a /∈ E and any sufficiently small t, the function
ft +az
d/w1
1
has an isolated singularity at 0 with a Milnor number independent of t.
Proof. As in the proof of Theorem 7.9 of [19], we first show the desired property
for an infinite sequence {tk} of the parameter t approaching 0 and then we deduce
the property for all small t using the upper-semicontinuity of the Milnor number.
So, let {tk} be an infinite sequence such that tk → 0. In the light of Lemmas 4.1
and 4.2 and since d/w1 ≥ 2, by applying the Iomdine-Leˆ-Massey formula (cf. [19,
Theorem 4.5]) to the function ftk for a given fixed tk, we obtain that for all but a fi-
nite number of non-zero complex numbers a(tk), depending on that tk, the function
ftk +a(tk)z
d/w1
1 has an isolated singularity at 0 with Milnor number
(4.1) µ( ftk +a(tk)z
d/w1
1 ) = λ
0
ftk ,z
+
(
d
w1
−1
)
λ 1ftk ,z
.
The set E(tk) of the excluded values of a(tk) consists of those non-zero complex
numbers a(tk) which make the lowest degree terms of(
∂ ftk
∂ z1
)∣∣
φη (s)
and
(
d
w1
a(tk)z
d
w1
−1
1
)∣∣
φη (s)
add up to zero, where η is an irreducible component of Γ1ftk ,z
and φη(s) is a param-
etrization of η (see the proof of [19, Lemma 4.3]).
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A similar property also holds true if we replace tk by t = 0. If E(0) denotes the
corresponding set of excluded values, then for any non-zero element a which is not
contained in the countable set E := E(0)∪
⋃
kE(tk), the functions
f0+az
d/w1
1 and ftk +az
d/w1
1
(all k) have an isolated singularity at 0 and the same Milnor number (4.1) (re-
mind that the Leˆ numbers are independent of t). This, together with the upper-
semicontinuity of the Milnor number, imply that for all t small enough the func-
tion ft + az
d/w1
1 has an isolated singularity at 0 and the same Milnor number as
f0+az
d/w1
1 . 
Since for t = 0 the function f0+ az
d/w1
1 is weighted homogeneous, the Greuel-
O’Shea theorem (cf. Theorem 1.1) says that
(4.2) ord0( ft +az
d/w1
1 ) = ord0( f0+az
d/w1
1 ),
where ord0( ft +az
d/w1
1 ) is the order of ft +az
d/w1
1 at 0.
If ord0( f0)≤ d/w1, then (4.2) immediately implies ord0( ft) = ord0( f0) and the
theorem is proved. Now we claim that we always have ord0( f0) ≤ d/w1. Indeed,
take any monomial czα11 · · · z
αn
n (c constant) of the initial polynomial in( f0) of f0.
Then we have ∑1≤i≤n αi = deg in( f0) = ord0( f0), and since f0 (and hence in( f0))
is weighted homogeneous with respect to the weights (w1, . . . ,wn), we also have
∑1≤i≤n αiwi = d. As w1 is the smallest weight, it follows that
d = ∑
1≤i≤n
αiwi ≥ ∑
1≤i≤n
αiw1 = w1 ∑
1≤i≤n
αi = w1ord0( f0).
This completes the proof of Theorem 2.1 when γ1ft ,z 6= 0.
Remark 4.4. That { ft |V (z1)} is equimultiple immediately follows from the Greuel-
O’Shea theorem. Indeed, by the assumption, { ft |V (z1)} is a topologically equisin-
gular family of isolated singularities with f0|V (z1) weighted homogeneous.
If γ1ft ,z = 0, then 0 6∈ Γ
1
ft ,z
(i.e., Γ1ft ,z is empty at 0), and the maximum polar ratio
for ft at 0 is 1. Since d/w1 > 1, the Iomdine-Leˆ-Massey formula shows that for
all small t and all non-zero complex numbers a, the function ft + az
d/w1
1 has an
isolated singularity at 0 with a Milnor number independent of t. Then we conclude
exactly as above using the Greuel-O’Shea theorem.
5. PROOFS OF THEOREMS 2.3–2.5
Again, the idea is to use the Iomdine-Leˆ-Massey formula to reduce the problem
to the case of isolated singularities and then apply the theorem of Abderrahmane,
Saia and Tomazella (cf. Theorem 1.2). This time, in order to control the Newton
non-degeneracy, we use a result of Brzostowski and Oleksik [2, Lemma 3.7]. This
lemma says that if h : (Cn,0)→ (C,0) is a Newton non-degenerate holomorphic
function with a (possibly non-isolated) singularity at 0, then there exists a (non
unique) constant C(h) such that for any j > C(h), the function h+ z ji is Newton
non-degenerate too. The constant C(h) constructed in the proof of the lemma only
depends on the Newton diagram of h. In particular, in our case, C( ft) does not
depend on t for all t 6= 0 but we may have C( ft) 6= C( f0), so that Newton non-
degeneracy is guaranteed if j >max{C( ft),C( f0)}.
The proofs below are inspired by the proof of Theorem 7.9 in [19].
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5.1. Proof of Theorem 2.5. By the Brzostowski-Oleksik lemma [2, Lemma 3.7]
and the Iomdine-Leˆ-Massey formula [19, Theorem 4.5 and Corollary 4.6], for all
integers 0≪ j1 ≪ j2 ≪ . . .≪ js, the function
ft + z
j1
1 + . . .+ z
js
s
is Newton non-degenerate and has an isolated singularity at 0 with aMilnor number
independent of t provided that t is small enough. Then Theorem 1.2 implies that
the family { ft +z
j1
1 + . . .+z
js
s } is equimultiple. Since j1, . . . , js are arbitrarily large,
we deduce that { ft} is equimultiple too.
5.2. Proof of Theorem 2.3. Theorem 2.3 is a corollary of Theorem 2.5. Indeed,
by [19, Remark 1.29], the partition of V ( ft) given by St :=
{
V ( ft) \ Σ ft ,Σ ft \
{0},{0}
}
is a good stratification for ft in a neighbourhood of 0, and the hyperplane
V (z1) is a prepolar slice for ft at 0 with respect to St for all small t. In particular,
combined with [19, Proposition 1.23], this implies that the Leˆ numbers
λ 0ft ,z and λ
1
ft ,z
of ft at 0 with respect to the coordinates z are defined. Now, from [18, Sec. 4], we
know that λ 0ft ,z and λ
1
ft ,z
are independent of t for all small t if and only if the generic
Milnor number µ˚( ft) (i.e., the Milnor number µ( ft |V (z1−a1)), which is independent
of a1 for all small a1 6= 0) and the reduced Euler characteristic of the Milnor fibre
of ft at 0 are both independent of t for all small t. We also know that for line
singularities, µ˚( ft) is an invariant of the ambient topological type of V ( ft) at 0
(cf. [18, Sec. 1]). Since the reduced Euler characteristic is a topological invariant
too, and since our family { ft} is topologically equisingular, it follows that the Leˆ
numbers λ 0ft ,z and λ
1
ft ,z
are independent of t for all small t. Then Theorem 2.5
implies that { ft} is equimultiple.
5.3. Proof of Theorem 2.4. Since the set of coordinates z is aligning for f0 and
ftk , the Leˆ numbers λ
q
ftk ,z
and λ
q
f0,z
are defined and [19, Corollary 7.8] implies
λ qftk ,z
= λ qf0,z
for all 0 ≤ q ≤ s and all k sufficiently large. Thus, by [2, Lemma 3.7] and [19,
Theorem 4.5 and Corollary 4.6] again, for all integers 0≪ j1≪ j2≪ . . .≪ js, the
functions
f0+ z
j1
1 + . . .+ z
js
s and ftk + z
j1
1 + . . .+ z
js
s
are Newton non-degenerate and have an isolated singularity at 0 with the same
Milnor number, provided that k is large enough. By the upper-semicontinuity of
the Milnor number, this implies that for all small t, the function ft + z
j1
1 + . . .+ z
js
s
has an isolated singularity at 0 with the same Milnor number as f0+ z
j1
1 + . . .+ z
js
s .
Clearly, it also implies that ft + z
j1
1 + . . .+ z
js
s is Newton non-degenerate for all
small t. Then we conclude as in the proof of Theorem 2.5 using Theorem 1.2.
APPENDIX A. NUMERICAL CONTROL OF THE TOPOLOGICAL TYPE IN A
FAMILY OF LINE SINGULARITIES
To understand better the assumptions used in Theorem 2.1 and Remark 2.2,
we discuss here how the topological type in a family of line singularities can be
controlled by numerical invariants. All the results presented in this appendix are
well known (or are immediate consequences of well known theorems).
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Suppose that { ft} is a family of line singularities. We recall that in this case
the Leˆ numbers λ 0ft ,z, λ
1
ft ,z
and the polar number γ1ft ,z of ft at 0 with respect to
the coordinates z are defined (cf. [19]). Then we want to discuss the relationships
between the following conditions.
(1) The singular locus Σ f of the underlying function f defining the family
{ ft} is given by V (z2, . . . ,zn) := {(t,z) ∈C×C
n ; zi = 0 for i≥ 2} and the
Milnor number µ( f |V (t−t0,z1−a1)) is independent of the point (t0,a1,0) in
some open neighbourhood of (0,0,0).
(2) For any sufficiently small a1, the families { ft} and { ft |V (z1−a1)} are topo-
logically equisingular.
(3) The families { ft} and { ft |V (z1)} are topologically equisingular.
(4) The family { ft} is topologically equisingular.
(5) The generic Milnor number µ˚( ft) and the Milnor numbers µ( ft |V (z1)) and
µ( ft + z
j
1) are constant for any sufficiently large j.
(6) The generic Milnor number µ˚( ft) and the Milnor number µ( ft + z
j
1) are
constant for any sufficiently large j.
(7) The Milnor number µ( ft |V (z1)) and the Leˆ numbers λ
0
ft ,z
and λ 1ft ,z are con-
stant.
(8) The polar number γ1ft ,z and the Leˆ numbers λ
0
ft ,z
and λ 1ft ,z are constant.
(9) The sum γ1ft ,z +λ
0
ft ,z
and the Leˆ number λ 1ft ,z are constant.
(10) The Leˆ numbers λ 0ft ,z and λ
1
ft ,z
are constant.
(11) The Leˆ number λ 0ft ,z and the generic Milnor number µ˚( ft) are constant.
(12) The generic Milnor number µ˚( ft) and the reduced Euler characteristic
χ˜(Fft ,0) of the Milnor fibre Fft ,0 of ft at 0 are constant.
(13) The generic Milnor number µ˚( ft) and the number
m( ft + z
j
1) := dimCOn,0
/
( ft + z
j
1,J( ft + z
j
1,z1))
are constant. (Here, J( ft + z
j
1,z1) denotes the ideal generated by the deter-
minants of all 2-minors of the corresponding Jacobian matrix, that is, the
ideal generated by
∂ ( ft+z
j
1)
∂ zi
for all 2≤ i≤ n.)
(14) The Leˆ numbers λ 0ft ,z and λ
1
ft ,z
and the polar number γ1ft ,z and γ
2
ft ,z
are con-
stant.§
(15) The diffeomorphism type of the Milnor fibration of ft at 0 is constant.
(16) The family { ft} is Whitney equisingular (i.e., there is a Whitney stratifi-
cation of V ( f ) in a neighbourhood of 0 such that the t-axis C×{0} is a
stratum).
(17) The family { ft} is equimultiple.
Here, the word “constant” means “independent of t for all small t”. Conditions
(1)–(17) are related to each other as described in items A.1–A.13 below (see also
Figure 1 for a full overview).
A.1. If n≥ 5, then (1)⇒ (4) and (1)⇒ (3).
The implication (1)⇒ (4) is given in [18, Proposition, p. 47] as a consequence
of [26, Theorem, p. 437]. The relation (1) ⇒ (3) follows. Indeed, by (1), the
§For the definition of γ2ft ,z, which we have not encountered yet, we also refer the reader to [19].
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Milnor number µ( ft |V (z1)) is constant, and by [16, Theorem 2.1], this implies that
the family { ft |V (z1)} is topologically equisingular.
Remark. Here, and hereafter, the condition n ≥ 5 comes from the use of the Leˆ-
Ramanujam and Timourian theorems (cf. [16, 26]), which themselves use the h-
cobordism theorem (cf. [24]).
A.2. (4)⇒ (12)⇔ (10); if n≥ 5, then (10)⇒ (4).
The implication (4)⇒ (12) is proved in [17, Proposition, p. 380] and [18, Sec. 4].
The equivalence (12)⇔ (10) is shown in [18, Sec. 4]. The implication (10)⇒ (4)
for n≥ 5 is proved in [7, Theorem 42].
A.3. If n≥ 5, then (1)⇒ (5)
If (1) holds, then µ˚( ft) and µ( ft |V (z1)) are constant. Now, since n≥ 5 and since
in this case (1) implies (4) (which in turn implies (10)), it follows from the uniform
Iomdine-Leˆ-Massey formula (see Proposition 2.1 and the relation (2.2) in [18] and
Theorem 4.15 in [19]) that for all t sufficiently small and all j sufficiently large,
the function ft + z
j
1 has an isolated singularity at 0 and its Milnor number, which is
given by
µ( ft + z
j
1) = λ
0
ft ,z +( j−1)λ
1
ft ,z,
is constant.
A.4. (10)⇔ (11)
By [18, Sec. 1], λ 1ft ,z = µ˚( ft) := µ( ft |V (z1−a1)) for any sufficiently small a1 6= 0.
A.5. (2)⇒ (7); if n≥ 5, then (2)⇔ (7).
Since (2) contains (4), it implies (10) (cf. A.2). As the Milnor number is a
topological invariant, (2) also implies that µ( ft |V (z1)) is constant. So, altogether,
(2)⇒ (7).
To show the converse when n≥ 5, first observe that in this case (7) (which con-
tains (10)) implies (4) (cf. A.2), which is the first half part of (2). To get the second
part, remind that λ 1ft ,z = µ˚( ft) := µ( ft |V (z1−a1)), where a1 6= 0 is small enough.
Therefore, if λ 1ft ,z is constant and n ≥ 5, then, by [16, Theorem 2.1], for any suf-
ficiently small a1 6= 0, the family { ft |V (z1−a1)} is topologically equisingular. That
the family { ft |V (z1)} is topologically equisingular too follows from the constancy
of µ( ft |V (z1)), the assumption n≥ 5 and [16, Theorem 2.1] again.
A.6. (3)⇒ (7); if n≥ 5, then (3)⇔ (2)
Since (4)⇒ (10) (cf. A.2) and the topological equisingularity of { ft |V (z1)} im-
plies the constancy of the Milnor number µ( ft |V (z1)), the condition (3) implies (7),
which is equivalent to (2) if n≥ 5 (cf. A.5).
A.7. (9)⇔ (8)
This is proved in [18]. Since the argument will be useful for us later, let us briefly
recall it. By [19, Proposition 1.23], γ1ft ,z+λ
0
ft ,z
=
(
[Γ1ft ,z] · [V ( ft)]
)
0
. By [18, Corol-
lary 2.4], if (9) holds, then for any integer j sufficiently large, the Milnor numbers
µ( ft+z
j
1) and µ( ft |V (z1)) are constant. Indeed, by the uniform Iomdine-Leˆ-Massey
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formula, for all t sufficiently small and all j sufficiently large, the function ft + z
j
1
has an isolated singularity at 0 and we have:
µ( ft + z
j
1) = λ
0
ft ,z +( j−1)λ
1
ft ,z;(A.7.1)
µ( ft + z
j
1)+µ( ft |V (z1)) = (γ
1
ft ,z +λ
0
ft ,z)+ jλ
1
ft ,z.(A.7.2)
Thus, if (9) holds, then the sum µ( ft + z
j
1)+ µ( ft |V(z1)) is constant, and by the
upper-semicontinuity of the Milnor number, this implies that both µ( ft + z
j
1) and
µ( ft |V (z1)) are constant. The condition (8) follows immediately.
A.8. (5)⇔ (7)
If (5) holds, then λ 1ft ,z = µ˚( ft) is constant. That λ
0
ft ,z
is constant too follows from
(A.7.1). The converse (7)⇒ (5) follows exactly from the same formula.
A.9. (7)⇔ (9)
If (7) holds, then (A.7.1) says that µ( ft + z
j
1) is constant. Then, by (A.7.2),
γ1ft ,z + λ
0
ft ,z
is constant. Conversely, if (9) holds, then, by (A.7.2) and the upper-
semicontinuity of the Milnor number, both µ( ft + z
j
1) and µ( ft |V (z1)) are constant.
Combined with (A.7.1), this implies that λ 0ft ,z is constant.
A.10. (6)⇔ (12)
This is proved in [27, Remarque 1, p. 544].
Remark. In [27, Remarque 3, p. 544], Vannier gives an example of a 1-dimensional
singularity (the singular set is a union of three lines intersecting at 0) for which (6)
holds but (5) fails. We do not know any example satisfying (6) and for which (5)
does not hold when the singular set is just a line.
A.11. (13)⇔ (5)
By the Leˆ-Greuel formula [11, 15], m( ft + z
j
1) = µ( ft + z
j
1)+ µ( ft |V (z1)). The
result then follows from the upper-semicontinuity of the Milnor number.
A.12. (6)⇒ (15) and (10)⇒ (15)
The implication (6)⇒ (15) is proved in [27, The´ore`me B] while (10)⇒ (15) is
proved in [19, Theorem 9.4]. (Note that (6)⇔ (10) by A.10 and A.2.)
A.13. (16)⇒ (17); (16)⇒ (4); (9) 6⇒ (16); if n= 3, then (16)⇔ (14).
(16)⇒ (17) is proved in [13, Corollary 6.2]; (16)⇒ (4) is an immediate con-
sequence of the Thom-Mather first isotopy theorem [20, 25]; (9) 6⇒ (16) is proved
in [18, Sec. 5]; finally, (16)⇔ (14) for n= 3 is proved in [10, Corollary 6.6].
Remark. Combined with A.2, it follows that (14)⇒ (4) if n 6= 4.
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